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Abstract

We give an exposition of a recent proof of the Aaronson–Ambainis conjecture, which states that
every degree-d polynomial p : {0, 1}n → [0, 1] has a variable of influence at least poly(Var(p)/d).
This implies that quantum query algorithms for decision problems can be efficiently simulated
classically on most inputs. It also yields a near-equivalence between the status of the BPP
vs. BQP problem in the random oracle and unrelativized worlds.

We organize the proof around four main steps and discuss how each connects to the literature
on the analysis of boolean functions and probabilistic combinatorics. To bring out the key ideas,
we do not optimize parameters, and our presentation yields weaker exponents than the original.

Authors’ note. The proof was discovered by David Turturean using a research system developed
at Physical Superintelligence (PSI), in combination with a non-public Anthropic model. The
proof was then shared with the authors, who worked to understand it and prepare this exposition.
Anthropic’s public models were used in this process.
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1 Introduction

Quantum computing research seeks to discover and delineate the power of quantum computers
over classical ones. Simon’s and Shor’s algorithms [Sim97, Sho97] provided early demonstrations of
quantum advantage. On the other hand, despite decades of effort, NP-complete problems and the
lattice problems that underlie post-quantum cryptography appear resistant to efficient quantum
and classical algorithms alike.

An oft-repeated mantra is that quantum speedups exploit structure in the inputs. This intuition
is sharpest in the query model, where many quantum algorithms operate. The crux of Shor’s
factoring algorithm is an algorithm for Period-Finding, where one is given black-box query access
to a string of integers that is promised to be periodic and is asked to find the period. Likewise, in
Simon’s problem one is given black-box query access to f : {0, 1}n → {0, 1}n that is promised to be
two-to-one, with f(x) = f(x⊕ s) for some nonzero s, and is asked to find s. In contrast, Grover’s
algorithm [Gro96] for searching an unordered list of n items does so with O(

√
n) queries, achieving

only a quadratic speedup over classical algorithms, a speedup that Bennett, Bernstein, Brassard,
and Vazirani [BBBV97] showed is optimal.

The simulation conjecture. Common to Shor’s and Simon’s algorithms, and many superpoly-
nomial speedups that followed, is that they rely on a stringent promise on the input—one that is
only satisfied by a tiny fraction of all inputs. The following conjecture formalizes a sense in which
such a promise is necessary:

Conjecture 1 (Simulation conjecture). Let A be a quantum algorithm that makes t queries
to an input x ∈ {0, 1}n. For every ε, δ > 0 there is a classical algorithm that makes
poly(t, 1/ε, 1/δ) queries to x and approximates the acceptance probability of A to within an
additive ε on a 1 − δ fraction of inputs.

This conjecture first appeared in the works of Aaronson [Aar05, Aar08a] and of Aaronson and
Ambainis [AA14], where it is attributed to folklore.

The conjecture has an equivalent formulation in the language of partial functions. Suppose
F : {0, 1}n → {0, 1, ∗} admits a t-query quantum algorithm. If S := F−1({0, 1}) and |S| ≥ δ2n, the
conjecture asserts the existence of a classical algorithm that makes poly(t, 1/δ, 1/α) queries and
computes F on a 1 − α fraction of S. For total functions where S = {0, 1}n, an extreme case of
entirely unstructured inputs, Beals, Buhrman, Cleve, Mosca, and de Wolf [BBC+01] showed that
their quantum and classical query complexities are indeed polynomially related.

The Aaronson–Ambainis (AA) conjecture. Aaronson and Ambainis [AA14] reduced the
simulation conjecture to a question about bounded low-degree polynomials:

Conjecture 2. Let p : {0, 1}n → [0, 1] be a polynomial of degree d. Then some variable i ∈ [n]
satisfies Infi(p) ≥ poly(Var(p)/d).

It is not hard to see why the simulation conjecture would follow from such a conjecture. Beals
et al. [BBC+01] showed that the acceptance probability of every t-query quantum algorithm is a
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polynomial p of degree at most 2t. A classical simulator can query the most influential variable of p,
restrict p accordingly, and recurse on the restricted polynomial until it becomes close to constant.
The lower bound on maximum influence asserted by the AA conjecture translates into a bound on
the query complexity of this classical simulator.

Implications for BPP vs. BQP relative to a random oracle. Further motivation for the AA
conjecture comes from the relativized BPP versus BQP problem. Bernstein and Vazirani [BV97],
in the paper that defined BQP, gave an oracle relative to which BPP ≠ BQP. Fortnow and
Rogers [FR99] asked whether the same holds relative to a random oracle. This question remains
open [Aar05, For21].

Aaronson and Ambainis showed that their conjecture, if true, would provide formal evidence for
the difficulty of [FR99]’s question: Assuming the AA conjecture, proving BQP ̸⊆ HeurP relative to
a random oracle would require proving the unrelativized separation P ̸= P#P.1 This was recently
strengthened by Blanc, Docter, Strassle, and Tan [BDST26], who showed that it would require
proving not only P ̸= P#P, but even PromiseBPP ̸= PromiseBQP:2

Claim 1.1. Assume the AA conjecture. If BQP ̸⊆ HeurP relative to a random oracle then
PromiseBPP ̸= PromiseBQP.

[BDST26]’s motivation for Claim 1.1 came from the fact that BPP ≠ BQP implies BPP ≠ BQP
relative to a random oracle [BG81, FR99]. This “easy direction,” where an unrelativized separation
implies a random oracle separation, holds for many pairs of complexity classes. Claim 1.1 says that
the AA conjecture implies an approximate converse, one going in the “hard direction,” and hence
an approximate equivalence between the status of the BPP vs. BQP problem in the random oracle
and unrelativized worlds (approximate because of the difference between BPP and HeurP, and the
distinction between promise and non-promise classes). In other words, the AA conjecture implies a
sense in which the random oracle hypothesis [BG81], while false in general [Kur82, Har85, CCG+94],
does hold for the BPP vs. BQP problem.

1.1 This article

We give an exposition of a recent proof of the AA conjecture [Tur26]. The resolution of this
conjecture implies the simulation conjecture and makes Claim 1.1 unconditional. We show:

Theorem 1 (AA is true). Let p : {0, 1}n → [0, 1] be a polynomial of degree d. Then

max
i∈[n]

Infi(p) ≥ Ω

(
Var(p)8

d12

)
.

1[AA14] state their assumption as BQP ̸⊆ AvgP relative to a random oracle, where by AvgP they mean the
languages decided by a polynomial-time algorithm on a 1− o(1) fraction of the inputs. We state their result with
HeurP instead of AvgP since the latter is often reserved for errorless algorithms.

2[BDST26] state their assumption as PromiseBQP ̸⊆ PromiseHeurBPP relative to a random oracle, which is implied
by BQP ̸⊆ HeurBPP relative to a random oracle. By a standard argument [BG81], HeurBPP = HeurP relative to a
random oracle.
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The proof in [Tur26] achieves stronger parameters: maxi Infi(p) ≥ Ω(Var(p)5/2/d6). All the key
ideas in our presentation are from the original proof. We strive to present the proof as simply as
possible, to highlight its main conceptual steps, and to place each step in the context of the broader
literature on the analysis of boolean functions and probabilistic combinatorics. As a result, our
technical overview is fairly long, but the proof that we present is short.

1.2 Prior work

The Aaronson–Ambainis conjecture. Dinur, Friedgut, Kindler, and O’Donnell [DFKO07], in a
paper that predates [AA14], showed that every bounded degree-d polynomial is ε-close to a junta on
2O(d)/ε2 variables, which gives a variable of influence poly(Var(p)/2d). This had remained the best
bound for general polynomials, and has been rederived by O’Donnell and Zhao [OZ16] and by Defant,
Masty lo, and Pérez [DMP19]. As [AA14] also noted in their paper, for boolean-valued polynomials,
the conjecture follows as a corollary of the “OSSS inequality” of O’Donnell, Saks, Schramm, and
Servedio [OSSS05] and bounds on decision tree depth in terms of polynomial degree [Nis91, NS94].
We discuss the OSSS inequality in more detail in the technical overview.

The conjecture has since been proven for several special cases: polynomials whose nonzero Fourier
coefficients have the same magnitude [Mon12, Iva26, STV26]; completely bounded block-multilinear
forms [BSdW22], a class which contains the acceptance polynomials of k-fold Forrelation [ABP19];
homogeneous Fourier completely bounded polynomials [Esc24]; and random restrictions of arbitrary
bounded polynomials [Bha25]. O’Donnell and Zhao [OZ16] showed that it suffices to prove the
conjecture for one-block decoupled polynomials, while Girish, Mittal, Nehoran, and Raz [GMNR26]
showed that variants of the conjecture for certain non-uniform distributions are equivalent to the
original one.

Most relevant for us, Lovett and Zhang [LZ23] connected the problem to fractional certificates
and proved the first bound on the fractional certificate complexity of bounded low-degree functions.
We elaborate on the connections between the proof that we present and [LZ23] in the technical
overview.

The simulation conjecture. The simulation conjecture concerns decision problems, and its
natural analogue for search problems is false. Yamakawa and Zhandry [YZ24] gave a search problem
for which, relative to a random oracle O : {0, 1}n → {0, 1}n, there is a quantum algorithm that uses
polynomially many queries and succeeds with high probability, whereas every classical algorithm
requires exponentially many queries.

Recent works study the simulation conjecture for quantum algorithms with limited rounds of
adaptivity [BDST26, ESP26, LM26].

2 Technical Overview

Roadmap. Figure 1 summarizes the structure of the proof and of this technical overview. We
will present the proof in a top-down fashion, devoting a subsection to each step. As the figure
also indicates, each step draws on and extends ideas in the literature, which we discuss in the
corresponding subsections. This section therefore doubles as an extended survey of related work.
For a more succinct technical overview, a reader can skip all subsections titled “Discussion: [...].”
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Aaronson–Ambainis conjecture

Certificate-influence inequality (Section 2.2)

Parallels: OSSS inequality, Lovett–Zhang conjecture

Weighted all-pairs inequality (Section 2.3)

Parallels: Poincaré, dual BKR inequality

Routing lemma (Section 2.4)

Parallels: canonical-path proof of Poincaré

Antipodal routing lemma (Section 2.5)

Parallels: Reimer’s butterfly lemma

Figure 1: Structure of the proof.

Preliminaries. For a real number ξ we write ξ+ = max(ξ, 0). We write 1[·] for the indicator of a
condition. Random variables are written in boldface (e.g. x ∼ {0, 1}n), and unless otherwise stated,
all probabilities and expectations are with respect to the uniform distribution. For a vector λ ∈ Rn

≥0

we write λ(i) for its i-th entry, λ(S) =
∑

i∈S λ(i) for S ⊆ [n], and ∥λ∥1 = λ([n]).
For x ∈ {0, 1}n and S ⊆ [n], we write x⊕S to denote x with the coordinates in S flipped. For

i ∈ [n] we write x⊕i for x⊕{i}. We write ∆(x, y) = {i ∈ [n] : xi ̸= yi} for the set of coordinates
where x and y differ. For x, y ∈ {0, 1}n, we write

cube(x, y) :=
{
z ∈ {0, 1}n : zi = xi = yi for every i /∈ ∆(x, y)

}
to denote the subcube spanned by x and y, i.e. the subcube with x and y as antipodal points.

We reserve f for boolean-valued functions and use p for real-valued ones. The variance of
a function p : {0, 1}n → R is Var(p) := E[(p(x) − E[p(x)])2]. For boolean-valued functions
f : {0, 1}n → {0, 1} we have Var(f) = Pr[f(x) = 1] Pr[f(x) = 0].

Definition 2.1 (Influences). Let p : {0, 1}n → R and i ∈ [n]. The influence of coordinate i on p is

Infi(p) := E
x

[(
p(x) − p(x⊕i)

)2]
.

The total influence of p is Inf(p) :=
∑n

i=1 Infi(p).
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2.1 Fractional certificates

An important notion in this proof is that of fractional certificates. Fractional certificates for boolean-
valued functions were first studied by Tal [Tal13] and Gilmer, Saks, and Srinivasan [GSS16]. Up to
constant factors, they are equivalent to randomized certificates, introduced by Aaronson [Aar08b].

We will need an analogue for real-valued functions:

Definition 2.2 (Fractional certificates). Let p : {0, 1}n → R and x ∈ {0, 1}n. A fractional certificate
for p at x is a vector λx ∈ Rn

≥0 such that

λx

(
∆(x, y)

)
≥ |p(x) − p(y)| for every y ∈ {0, 1}n.

Its cost is ∥λx∥1. For a boolean-valued function f : {0, 1}n → {0, 1}, this is equivalent to:

λx

(
∆(x, y)

)
≥ 1 for all y such that f(y) ̸= f(x).

The {0, 1}-valued vectors λx satisfying this are exactly the indicator vectors of ordinary certificates
of f at x.

Definition 2.3 (Fractional certificate families). A fractional certificate family for p : {0, 1}n → R is
an indexed collection Λ = (λx)x∈{0,1}n in which λx is a fractional certificate for p at x, for every
x ∈ {0, 1}n. Its cost is maxx∥λx∥1.

The fractional certificate complexity of p at x, written FC(p, x), is the minimum cost of a fractional
certificate for p at x, and the fractional certificate complexity of p is FC(p) = maxx FC(p, x), the
minimum cost of a fractional certificate family for p.

Agarwal and Ben-David [ABD26], building on [ABDK21, Tal13], proved the following bound on
the fractional certificate complexity of bounded low-degree polynomials:

Fact 2.4. Every p : {0, 1}n → [0, 1] of degree at most d has FC(p) = O(d2).

Earlier, Lovett and Zhang [LZ23] proved that every such p has FCε(p) = O(d8 log16(n)/ε4).
Here FCε(p) is an analogue of FC(p) in which x’s certificate must satisfy λx(∆(x, y)) ≥ 1 for every y
with |p(x) − p(y)| ≥ ε, and is unconstrained for other y’s. A fractional certificate of cost K yields
one of cost K/ε in their sense, and so Fact 2.4 implies FCε(p) = O(d2/ε). We will use the stronger
notion FC(p).

2.2 Certificate-influence inequality

Fact 2.4 is the only step in the proof that uses the degree assumption of the AA conjecture. With
this fact in hand, we show that every bounded function with small fractional certificate complexity,
regardless of degree, has an influential variable. This claim in turn reduces to the following statement
about boolean-valued functions:

Lemma 2.5 (Certificate-influence inequality). Let f : {0, 1}n → {0, 1} be nonconstant, with
a fractional certificate family Λ = (λx)x∈{0,1}n. Then for uniform x and y,

max
i∈[n]

Infi(f) ≥ 4 · E
x

[
1[f(x) = 1]

∥λx∥1

]
· E
y

[
1[f(y) = 0]

∥λy∥1

]
.
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Note that the RHS is well defined: Since f is nonconstant, every input requires a certificate of
positive cost. The inequality is exactly tight for the dictator function f(x) = 1[x1 = 1] with λx = e1
for every x. To our knowledge, even the special case for ordinary (non-fractional) certificates was
not known, though we need the stronger fractional version to prove the AA conjecture.

2.2.1 How the AA conjecture follows

Let p : {0, 1}n → [0, 1] be a bounded polynomial and Λ = (λx)x∈{0,1}n be a fractional certificate
family for p of cost FC(p). For t ∈ [0, 1], we define the boolean-valued threshold function

pt(x) := 1[p(x) > t].

The high-level idea is that the certificate-influence inequality applied to pt yields an AA-like statement
for pt, which, for an appropriate choice of t, we can then transfer to p. See Figure 2.

0 1t

certificates
expensive new

pt(x) = 0 pt(x) = 1

Figure 2: The curve depicts the distribution of p(x) for a uniform x ∼ {0, 1}n. We booleanize p by
thresholding it at a value t ∈ [0, 1]. Since the certificates for pt are the certificates for p scaled by
1/|p(x) − t|, inputs with p(x) close to t (shaded green) have expensive new certificates. Such inputs
contribute little to the RHS of the certificate-influence inequality.

It can be checked that (
λx

|p(x) − t|

)
x∈{0,1}n

(1)

is a fractional certificate family for pt. Applying the certificate-influence inequality to pt and these
new certificates, we get that

max
i∈[n]

Infi(pt) ≥ 4 ·
E
[
(p(x) − t)+

]
E
[
(t− p(y))+

]
FC(p)2

.

Fact 2.4 upper bounds FC(p) by O(deg(p)2), while E[(p(x) − t)+] and E[(t− p(y))+] are each
at least Ω(Var(p)) as long as t is sufficiently close to E[p(x)]. Finally, for t randomly chosen within
this admissible interval, an elementary argument upper bounds Et[Infi(pt)] in terms of Infi(p) and
Var(p). Putting these together yields the AA conjecture.

2.2.2 Discussion: Average-case, median, and worst-case versions

The certificate-influence inequality is an average-case bound: The RHS averages, over 1-inputs and
0-inputs separately, the reciprocals of the costs of their certificates. This implies a weaker version
where the lower bound is expressed in terms of the median costs of 1- and 0-certificates:
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Corollary 2.6 (Median version of the certificate-influence inequality). Let f and Λ be as in
Lemma 2.5. For b ∈ {0, 1}, let mb be a median of the cost ∥λx∥1 over the inputs x with f(x) = b.
Let µ := Pr[f(x) = 1]. Then

max
i∈[n]

Infi(f) ≥ µ(1 − µ)

m0 ·m1
.

Our reduction from the AA conjecture can be modified so that this median version suffices,
though we do not know of a proof of it that is substantially simpler than that of the average-case
version.

Worst-case version and the OSSS inequality. An even weaker version of the inequality is
one where the lower bound is expressed in terms of the maximum costs of the certificates. This
worst-case version, in contrast, does not suffice for our reduction from the AA conjecture. In our
reduction, the inequality (or its median version) is applied to the new fractional certificates (1). The
costs of these certificates blow up whenever p(x) is close to t. An average-case or median version
allows us to argue that this does not happen too often, but a worst-case version does not.

We also remark that, up to polynomial factors, such a worst-case version already follows from
the OSSS inequality:

max
i∈[n]

Infi(f) ≥ 4µ(1 − µ)

D(f)
where D(f) := decision tree complexity of f

along with bounds on D(f) in terms of FC(f) via [Nis91, BBC+01]. The proof of Lemma 2.5 is
rather different from, and quite a bit more involved than, the various known proofs of the OSSS
inequality.

2.2.3 Discussion: Comparison with a conjecture of Lovett and Zhang

Lovett and Zhang [LZ23] proposed a plan for the AA conjecture whose main step is a conjectured
L∞ analogue of Talagrand’s convex-distance inequality [Tal96]. We now state and discuss their
conjecture, describe a counterexample, and compare their conjecture to the certificate-influence
inequality.

[LZ23]’s conjecture in the language of fractional certificates. Roughly speaking, [LZ23]’s
conjecture says that if X,Y ⊆ {0, 1}n are two disjoint sets such that every x ∈ X is far in L∞ from
conv(Y ), then there must be a variable that is influential with respect to X or to Y . See their
paper for the precise formulation of their conjecture and the definition of this more general notion
of influence. Their reduction from the AA conjecture requires this level of generality, but we state
here the special case of their conjecture where X and Y partition the cube:

Conjecture 3 (Special case of [LZ23, Conjecture 37]). Let f : {0, 1}n → {0, 1} be nonconstant,
A := f−1(1), and µ := Pr[f(x) = 1] = |A|/2n. Then

max
i∈[n]

Infi(f) ≥ µ(1 − µ) · poly
(

min
x∈A

d∞
(
x, conv(A)

))
.

The distance d∞(x, conv(A)) is exactly captured by fractional certificates:
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Fact 2.7. d∞
(
x, conv(A)

)
= 1/FC(f, x) for x ∈ A.

One direction of this identity (≥) is proved in [LZ23, Lemma 28], while the other (≤) follows
from LP duality.3 Thanks to this identity, Conjecture 3 can be equivalently stated as follows:

Conjecture 4 (Conjecture 3 in the language of fractional certificates). Let f : {0, 1}n → {0, 1} be
nonconstant and µ := Pr[f(x) = 1]. Then

max
i∈[n]

Infi(f) ≥ µ(1 − µ)

poly(FC1(f))
,

where FCb(f) := max{FC(f, x) : x ∈ f−1(b)}.

Notably, the lower bound is one-sided in the sense that it only depends on the fractional certificate
complexities of the 1-inputs, not those of the 0-inputs.

A counterexample. [LZ23] showed that their conjecture would imply the AA conjecture. Unfor-
tunately, their conjecture is already false in the special case described above. Consider the Tribes
function with tribes of width w ≈ log n− log lnn, for which µ ≈ 1

2 . Every x ∈ Tribes−1(1) has a
fractional certificate (in fact, an ordinary certificate) of cost O(w) = O(logn), and so Conjecture 4
asserts a lower bound of 1/ polylog(n) on maximum influence. This is false, since every variable has
influence O(log(n)/n).

How the certificate-influence inequality differs from Conjecture 4. The certificate-influence
inequality is two-sided: It depends on the certificate costs of both the 1-inputs and the 0-inputs.
This is what lets it evade the counterexample, since every 0-input of Tribes requires fractional
certificate complexity Ω(n/w) = Ω(n/ log n).

Two-sidedness alone, however, is not the new ingredient. A two-sided worst-case statement,

max
i∈[n]

Infi(f) ≥ µ(1 − µ)

poly(FC0(f),FC1(f))
,

already follows from the OSSS inequality as discussed in Section 2.2.2. What is new is the average-
case nature of the certificate-influence inequality, which, as discussed in the same section, is what
our reduction from the AA conjecture needs.

These differences aside, our reduction from the AA conjecture is similar in spirit to [LZ23]’s.
For a polynomial p : {0, 1}n → [0, 1], they apply their conjecture to the sets X = {x : p(x) ≥ t + θ}
and Y = {y : p(y) ≤ t − θ}, while we apply the certificate-influence inequality to the function
pt(x) = 1[p(x) > t]. In both cases, the AA conjecture for a real-valued function is reduced to an
AA-like statement for a boolean function (a partial boolean function in their case).

3Fact 2.7 gives a particularly nice reformulation of the certificate-influence inequality. It can be stated as

max
i∈[n]

Infi(f) ≥ 4 ·E
x

[
d∞(x, conv(f−1(0)))

]
·E
y

[
d∞(y, conv(f−1(1)))

]
.
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2.3 Weighted all-pairs inequality

Overlap. We call a pair (x, y) of inputs bichromatic if f(x) ̸= f(y). We will be interested in
understanding the amount of “overlap” between certificates of bichromatic pairs:

overlapΛ(x, y) :=
∑

i∈∆(x,y)

λx(i)λy(i),

which is the inner product of λx and λy restricted to the coordinates on which x and y differ.
The ordinary (non-fractional) certificates of bichromatic pairs have overlap at least 1: Viewed as

sets, these certificates must intersect within ∆(x, y), since otherwise there will be an input that is
consistent with both certificates. For fractional certificates, however, overlap can be much smaller.
Consider the n-bit Majority function, x = 1n and y = 0n, and fractional certificates:

λx = λy =
(
2
n , . . . ,

2
n

)
.

The overlap between these two certificates is only O( 1
n).

To prove the certificate-influence inequality, we will need a more general definition where overlap
is measured with respect to positive weights w ∈ Rn

>0:

overlapw,Λ(x, y) :=
∑

i∈∆(x,y)

wiλx(i)λy(i).

We can now state the weighted all-pairs inequality:

Lemma 2.8 (Weighted all-pairs inequality). Let f : {0, 1}n → {0, 1} be nonconstant, with a
fractional certificate family Λ = (λx)x∈{0,1}n. Let w ∈ Rn

>0. For independent and uniform x
and y,

n∑
i=1

Infi(f)

wi
≥ 4 · E

x,y

[
1[f(x) = 1, f(y) = 0]

overlapw,Λ(x,y)

]
.

The ratio on the RHS is taken to be 0 when the numerator is 0. When the numerator is 1
(i.e. when (x, y) is bichromatic), it can be checked that the overlap must be positive.4

The certificate-influence inequality follows quite straightforwardly from the weighted all-pairs
inequality, via an appropriate choice of weights and an application of Cauchy–Schwarz. (This is
why we need the weighted version.)

2.3.1 Discussion: Relationship to the Poincaré and dual BKR inequalities

Consider the unweighted version of the all-pairs inequality where w = 1n, which already captures
essentially all the complexity of the proof. It says that:

Inf(f) ≥ 4 · E
x,y

[
1[f(x) = 1, f(y) = 0]

overlapΛ(x,y)

]
.

4In fact, fractional certificates for bichromatic pairs satisfy
∑

i∈∆(x,y) min{λx(i), λy(i)} ≥ 1. See [KT16, Lemma

6.2].
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Poincaré inequality. Unlike the certificate-influence inequality, the unweighted all-pairs inequality
is known and elementary in the case of ordinary certificates. Since the overlap between ordinary
certificates of bichromatic pairs is at least 1, the inequality follows from the classic Poincaré inequality
over the hypercube:

Poincaré: Inf(f) ≥ 4µ(1 − µ), µ := Pr[f(x) = 1].

The challenge in proving the all-pairs inequality, even the unweighted version, stems from the fact
that the overlap between fractional certificates can be much smaller than 1.

The overlap can also be larger than 1, and so the all-pairs inequality is incomparable to
Poincaré. That said, en route to the all-pairs inequality we will prove a generalization of Poincaré.
See Section 2.4.

Dual BKR inequality. One can consider a more general notion of ordinary certificates for two
sets X,Y ⊆ {0, 1}n, extending the standard setting where X and Y partition the cube. For each
x ∈ X, let Cx ⊆ [n] certify x’s membership in X: all z’s that agree with x on Cx also belong to X.
Likewise, we assign to each y ∈ Y a certificate Dy ⊆ [n] and let Λ be the family of all certificates.

If X and Y are disjoint, then the overlap between the certificates for any pair (x, y) ∈ X × Y
must be at least 1 (i.e. their corresponding subcubes must be disjoint), for the same reason as
in the standard setting. Now consider the setting where X and Y intersect, in which case these
certificates can have 0 overlap (i.e. their corresponding subcubes may intersect). The dual van den
Berg–Kesten–Reimer (BKR) inequality of Kahn, Saks, and Smyth [KSS11] bounds the probability
of this event:

Pr
x,y

[
x ∈ X, y ∈ Y, overlapΛ(x,y) = 0

]
≤ Pr[z ∈ X ∩ Y ].

(Their actual inequality is stronger: A pair (x, y) counts on the LHS as long as there exist
certificates for them that have 0 overlap. That is, one does not have to fix the certificate family
beforehand.) [KSS11] used the dual BKR inequality to prove Rudich’s conjecture [Rud88], and
Smyth [Smy01, Smy02] used it to resolve Tardos’s conjecture [Tar89]. We refer the reader to these
papers for details, mentioning here that both Rudich’s and Tardos’s conjectures are motivated by
questions concerning random oracles, in the same way that the AA conjecture is connected to the
question of whether BPP ̸= BQP relative to a random oracle via Claim 1.1.

While the statement of the all-pairs inequality is quite different from that of the dual BKR
inequality, their proofs are related. The key ingredient in the proof of the dual BKR inequality is
Reimer’s butterfly lemma [Rei00]. The proof of our antipodal routing lemma yields a generalization
of Reimer’s butterfly lemma. See Section 2.5.4.

2.4 Routing lemma

For the rest of this overview, it will be convenient to view f : {0, 1}n → {0, 1} as the set A := f−1(1).
A pair (x, y) is therefore bichromatic if exactly one of them lies in A. We write Infi(A) for Infi(f),
and likewise Inf(A) for Inf(f).

Definition 2.9 (Monochromatic faces). Fix A ⊆ {0, 1}n. For x ∈ A and T ⊆ [n], we call T a
monochromatic face of x if cube(x, x⊕T ) is monochromatic. Equivalently, x⊕S ∈ A for every S ⊆ T .
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We are now ready to state the routing lemma:

Lemma 2.10 (Routing lemma). Let A ⊆ {0, 1}n. For every bichromatic pair (x, y) ∈ A×A,
let T = T (x, y) ⊆ ∆(x, y) be a monochromatic face of x. Then one can choose, for every such
pair (x, y) and monochromatic face T , a point z = z(x, y, T ) ∈ A such that

(a) z ∈ cube(x⊕T , y).

(b) For every i ∈ [n], when x,y are uniform and independent on {0, 1}n,

Pr
x,y

[
x ∈ A, y /∈ A, zi ̸= yi

]
≤ 1

4 · Infi(A).

See Figure 3 for an illustration of the lemma.

A

x

y

x⊕T

z

Figure 3: An illustration of the routing lemma. The points x and y form a bichromatic pair, and T
is a monochromatic face of x: the shaded diamond cube(x, x⊕T ) lies in A. The dotted diamond is
cube(x⊕T , y). The routing lemma says that we can assign to (x, y) and T a point z ∈ A∩cube(x⊕T , y)
that is “close” to y—close, on average over all such (x, y) pairs, in the coordinate-wise sense of (b).

2.4.1 Discussion: Poincaré for distances

To gain some intuition for (b), consider the statement that one gets by summing it over all i ∈ [n]:
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(b′) E
x,y

[
1[x ∈ A,y /∈ A] · dist(z,y)

]
≤ 1

4 · Inf(A),

where dist(·, ·) denotes Hamming distance. This says the Hamming distance from z to y, averaged
over all bichromatic (x, y) pairs, is upper bounded in terms of Inf(A). The original statement (b)
says that this closeness even holds in a more stringent coordinate-wise manner, where for each
i ∈ [n], the disagreement in the i-th coordinate is upper bounded in terms of Infi(A).

The summed version (b′) alone, without (a), is already of independent interest. It implies:

Poincaré for distances: E
x,y

[
1[x ∈ A, y /∈ A] · dist(y, A)

]
≤ 1

4 · Inf(A).

This strengthens Poincaré, which can be written as:

Poincaré: Pr
x,y

[
x ∈ A, y /∈ A

]
≤ 1

4 · Inf(A).

While Poincaré bounds the fraction of bichromatic pairs in terms of total influence, Poincaré for
distances says that the same upper bound holds even when we take their distances to A into account.

2.4.2 Routing lemma ⇒ Weighted all-pairs inequality

Poincaré for restricted distances. Taking (a) into consideration allows us to further strengthen
Poincaré for distances, by restricting which paths from y to A we are allowed to take. Since
T ⊆ ∆(x, y), requiring z ∈ cube(x⊕T , y) is equivalent to requiring ∆(z, y) ⊆ ∆(x, y) \ T . Thus, we
let

dist∆(x,y)\T (y,A) := dist
(
y, A ∩ cube(x⊕T , y)

)
be the length of the shortest path from y to A that walks only in directions in ∆(x, y) \ T . This is
at least dist(y,A). Combining (a) with (b′) yields

Poincaré for restricted distances: E
x,y

[
1[x ∈ A, y /∈ A] · dist∆(x,y)\T (y, A)

]
≤ 1

4 · Inf(A).

Recall that T has to be a monochromatic face of x, and we can ensure this by ensuring λx(T ) < 1.
Therefore, as long as a set of coordinates has λx-mass less than 1, we may freeze those coordinates
at their values in y and force the path to only walk in the other directions.

Routing lemma ⇒ unweighted all-pairs inequality. We now sketch how the routing lemma
implies the unweighted all-pairs inequality; the weighted version is similar. For every bichromatic
pair (x, y), we will define a monochromatic face T = T (x, y) ⊆ ∆(x, y) of x such that

dist∆(x,y)\T (y,A) ≥ 1

overlapΛ(x, y)
. (2)

The inequality then follows by averaging and applying Poincaré for restricted distances.
Our goal is to define T to make the restricted distance on the LHS of Equation (2) large.

Consider an arbitrary z ∈ A. Since (y, z) is bichromatic, λy(∆(y, z)) ≥ 1. Thus, if every coordinate
i ∈ ∆(y, z) is “light,” in the sense that λy(i) ≤ τ for some τ > 0, then

|∆(y, z)| ≥ 1

τ
,

12



since at least 1/τ coordinates of weight at most τ are needed to reach total weight 1. This suggests
that we should force the path from y to A to only walk along light directions, which we can do by
freezing the heavy ones. Indeed, by letting

T = {i ∈ ∆(x, y) : λy(i) > τ},

we get

dist∆(x,y)\T (y,A) ≥ 1

τ
.

It remains to choose τ . A smaller τ gives a better bound, but the routing lemma needs T to be a
monochromatic face of x. Every i ∈ T has λy(i) > τ , so by Markov’s inequality for the function λy

with respect to the measure λx,

λx(T ) ≤ 1

τ

∑
i∈T

λx(i)λy(i) ≤ 1

τ

∑
i∈∆(x,y)

λx(i)λy(i) =
overlapΛ(x, y)

τ
,

where the first inequality is strict unless λx(T ) = 0. We therefore choose τ = overlapΛ(x, y) to
guarantee λx(T ) < 1. With this choice, we get Equation (2).

See Figure 4 for an illustration of this argument.

/∈ Ay =

∈ A ∩ cube(x⊕T , y)z =

∈ Ax =

1 11 11 11 11 11 11 11 1

1 1 1 1 1 1 1 1

0 00 00 00 00 00 00 00 0

1 0 0 0 0 0 0 1

T

∆(x, y)

λy(i) > τ
(heavy coordinates)

λy(i) ≤ τ
(light coordinates)

|∆(y, z)| ≥ 1
τ

λx(T ) < 1
(monochromatic face)

Figure 4: How the routing lemma implies the (unweighted) all-pairs inequality. The three strings
agree outside ∆(x, y), and x and y are drawn as all-0 and all-1 on ∆(x, y) for concreteness. The
heavy coordinates T of λy form a monochromatic face of x if τ = overlapΛ(x, y), and z is the point
given by the routing lemma.

2.5 Antipodal routing lemma

The crux of the proof of the routing lemma is the following analogue for antipodal pairs (x, x̄) where
x̄ := (x̄1, . . . , x̄n):
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Lemma 2.11 (Antipodal routing lemma). Let A ⊆ {0, 1}n and for every x ∈ A, let T =
T (x) ⊆ [n] be a monochromatic face of x. Then one can choose, for every such x and
monochromatic face T , a point z = z(x, T ) ∈ A such that

(a) z ∈ cube(x⊕T , x̄).

(b) For every i ∈ [n], when x is uniform on {0, 1}n,

Pr
x

[
x ∈ A, zi ̸= x̄i

]
≤ 1

2 · Infi(A).

The routing lemma follows from this antipodal version by an averaging argument: Every
bichromatic pair (x, y) is an antipodal pair in cube(x, y), and we apply the antipodal routing lemma
in every such subcube.

2.5.1 Discussion: Simple proof of the faceless antipodal routing lemma

The main difficulty in proving the antipodal routing lemma, and hence the routing lemma, lies in
the constraint imposed by the monochromatic faces: the requirement (a) that z ∈ cube(x⊕T , x̄).
We sketch a short and elementary proof for the special case where T (x) = ∅ for all x:

Proposition 2.12 (Faceless antipodal routing lemma). Let A ⊆ {0, 1}n. One can choose, for each
x ∈ A, a point z = z(x) ∈ A such that

Pr
x

[
x ∈ A, zi ̸= x̄i

]
≤ 1

2 · Infi(A) for all i ∈ [n].

Proof sketch. For i ∈ [n], let πi : A → A swap x and x⊕i (i.e. flip their i-th coordinates) iff both
lie in A, and let π := πn ◦ · · · ◦ π1. Our map is x 7→ π(x), which we furthermore claim is in fact a
permutation of A. A straightforward induction shows that for all m ∈ [n], the map π≤m := πm◦· · ·◦π1
is indeed a permutation of A and satisfies:∣∣{x ∈ A : π≤m(x)i ̸= x̄i}

∣∣ =
∣∣{x ∈ A : x⊕i /∈ A}

∣∣ for all i ∈ [m].

The m = n case of the identity above, divided by 2n on both sides, yields the proposition.

Relationship to the canonical-path proof of Poincaré. Recall the following standard proof
of the Poincaré inequality: For every pair (x, y), walk from x to y by flipping the coordinates of
∆(x, y) in the fixed order 1 → 2 → · · · → n. If the pair is bichromatic, this path must cross a
bichromatic edge of A, and we charge the pair to the first such edge. Each edge of the cube lies on
these “canonical paths” of exactly 2n of the 4n pairs, so the number of bichromatic pairs is at most
2n times the number of bichromatic edges, which is the Poincaré inequality.

The proof of Proposition 2.12 also walks toward a target, the antipodal point x̄, flipping
coordinates in the fixed order 1 → 2 → · · · → n, and charges bichromatic edges direction by
direction. It differs in two ways. First, it never leaves A: It skips any flip that would exit A (i.e. it
skips any bichromatic edge), and ends at the point z = π(x) ∈ A rather than at x̄. Second, every
skipped flip is charged, not only the first: If the walk from x is at w and skips direction i, then x
is charged the bichromatic edge {w,w⊕i}. Thus x incurs one charge for each coordinate on which
z and x̄ differ. Since each step πi is a permutation of A, every bichromatic edge in direction i is
charged by exactly one x, which is where the equality in the proof comes from.
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The actual antipodal routing lemma with faces. The face constraint (a) requires z to flip
every coordinate i ∈ T (x), which is not satisfied by this proof, and we know of no argument along
these lines.Its proof, which we discuss next, is linear algebraic, and entirely different from any proof
of the Poincaré inequality that we know.

2.5.2 Two matrices and their determinants

For a map π : A → A, we let

errorsi(π) :=
∑
x∈A

1[π(x)i ̸= x̄i] = 2n · Pr
x

[
x ∈ A, π(x)i ̸= x̄i

]
.

Consider the following natural approach. First construct a map π satisfying (b) (as we did in
the proof of the faceless version), and then show that any such map can be “repaired” so that it
furthermore satisfies the face constraints (a) while not increasing errorsi(π) for any direction i ∈ [n]
(thereby preserving (b)). Unfortunately, there are counterexamples showing that not all such maps
can be repaired this way. One can then hope that any permutation of A can be repaired this way;
after all, our proof of the faceless version constructs a permutation. But there are counterexamples
to this as well.5

Nevertheless, we show that a suitable modification of this high-level approach succeeds. The
magical step is to take a signed combination of all possible permutations. This makes some of them
“cancel” with each other. We show that any permutation that survives this cancellation can indeed
be repaired to satisfy the face constraints without increasing errorsi(π) for any direction i ∈ [n].

In more detail, we first define a matrix M in formal variables ζ1, . . . , ζn such that

detM =
∑

permutations π of A

sign(π)
∏
i∈[n]

ζ
errorsi(π)
i .

We show that detM (viewed as a polynomial in the ζi’s) has a “good” monomial, one whose
degrees, suitably normalized, are upper bounded in terms of the influences of A. Here and throughout,
when we refer to a monomial of a polynomial, we mean one with nonzero coefficient:

Claim 2.13 (There is a good monomial). The polynomial detM has a monomial ζk11 · · · ζknn such
that

ki
2n

≤ 1
2 · Infi(A) for every i ∈ [n]. (3)

Since a monomial ζk11 · · · ζknn of detM has a nonzero coefficient, it arises from at least one
permutation π with errorsi(π) = ki for every i, and errorsi(π)/2n is exactly the LHS of (b) for z = π.
So (3) tells us that this π satisfies (b).

Next, we define an analogous matrix MT that takes the monochromatic faces T := (T (x))x∈A
into account. Note that the face constraint π(x) ∈ cube(x⊕T , x̄) is equivalent to the requirement
that π(x) agrees with x̄ on all coordinates in T :

detMT =
∑

permutations π of A

1[π(x)i = x̄i for all x ∈ A, i ∈ T (x)]︸ ︷︷ ︸
face constraint (a)

· sign(π)
∏
i∈[n]

ζ
errorsi(π)
i .

We show that the existence of a good monomial in detM implies the existence of one in detMT :

5Counterexamples for n as small as 3 can be easily found with your AI system of choice.

15



Claim 2.14 (Good monomial ⇒ Good face-respecting monomial). Let T = (T (x))x∈A specify
monochromatic faces for each x ∈ A. For any monomial ζk11 · · · ζknn of detM there is a monomial

ζ
k′1
1 · · · ζk

′
n

n of detMT such that

k′i ≤ ki for every i ∈ [n].

Applying Claim 2.14 to the monomial given by Claim 2.13 yields a monomial of detMT , and
hence a permutation satisfying (a) and (b). This is the antipodal routing lemma.

2.5.3 The determinant equivalence lemma

The key lemma underlying both Claims 2.13 and 2.14 is that detM and detMT have exactly the
same minimal monomials, defined as follows:

Definition 2.15 (Pareto-minimal component of a polynomial). We say a monomial ζk11 · · · ζknn is

Pareto-minimal in a polynomial p if there is no other monomial ζ
k′1
1 · · · ζk

′
n

n of p for which k′i ≤ ki for
all i ∈ [n]. We then denote the Pareto-minimal component of p as

minimal(p) :=
∑

monomials m in p

1[m is Pareto-minimal in p] · cmm,

where cm is m’s coefficient in p.

Lemma 2.16 (Determinant equivalence lemma). Let T = (T (x))x∈A specify monochromatic faces
for each x ∈ A. Then

minimal(detM) = minimal(detMT ).

See Figure 5 for an illustration of the lemma.

monomials of detM monomials of detMT

Figure 5: An illustration of the determinant equivalence lemma. The Pareto-minimal monomials of
detM , shaded solid blue, are the same as the Pareto-minimal monomials of detMT , shaded solid
red. Their other monomials may differ.

Claim 2.14 follows directly from the determinant equivalence lemma. Indeed, it suffices to
consider only Pareto-minimal monomials of detM , and the determinant equivalence lemma says
that every such monomial is also present in detMT .
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We also use the determinant equivalence lemma to prove Claim 2.13. However, instead of
applying it with the monochromatic faces specified by the antipodal routing lemma, we apply it
with monochromatic faces that we define. We actually prove the stronger statement that every
Pareto-minimal monomial of detM satisfies the degree bound of Equation (3). The advantage of
this stronger for all statement is that we can separately show, for each i ∈ [n], that the degree
bound is satisfied. For any i, we choose monochromatic faces T (i) so that the ζi-degree of every
monomial in detMT (i) satisfies the bound of Equation (3). By the determinant equivalence lemma,
this must also be true of every Pareto-minimal monomial of detM . Applying this argument n times,
once for each i ∈ [n], yields Claim 2.13.

Proof of the determinant equivalence lemma. The key step in the proof of Lemma 2.16 is a
linear-algebraic identity expressing MT in terms of M . First, we define the two matrices, both with
rows and columns indexed by elements of A:

M [x, z] :=
∏
i∈[n]

ζ
1[xi=zi]
i and MT [x, z] :=

{
0 if xi = zi for any i ∈ T (x)

M [x, z] otherwise.

Thus MT is M with certain entries zeroed out. Using the fact that each T (x) ∈ T is a
monochromatic face of x, we show that there is in fact a closer relationship between the two matrices:
Every row of MT , appropriately scaled, can be written as a linear combination of rows in M .( ∏

i∈T (x)

(1 − ζ2i )

)
· rowx(MT ) =

∑
S⊆T (x)

(∏
i∈S

(−ζi)

)
· rowx⊕S (M). (4)

Note that the RHS is only well defined because T (x) is a monochromatic face: The rows of M are
indexed by elements of A, so x⊕S only appears as a row in M if x⊕S ∈ A.

See Figure 6 for an illustration of Equation (4).

M

x⊕i

x

x⊕j

x⊕{i,j}

MT

x

−ζi

1

−ζj

ζ iζ
j

Figure 6: An illustration of Equation (4) for T (x) = {i, j}. Up to the scaling factor (1− ζ2i )(1− ζ2j ),
the highlighted row x of MT is a linear combination of the highlighted rows of M .

Using Equation (4) for each row of MT , we can write

DMT = FM,
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where D is a diagonal matrix capturing the scaling factors
∏

i∈T (x)(1 − ζ2i ) and each row of F
corresponds to the linear combination on the right-hand side of Equation (4). Taking determinants,
we obtain

detD detMT = detF detM.

We then show that each of detD and detF evaluates to 1 when ζ1 = · · · = ζn = 0, which, combined
with the following elementary fact, proves the determinant equivalence lemma.

Proposition 2.17. For any polynomials p, q, if p(0, . . . , 0) = 1 then minimal(pq) = minimal(q).

2.5.4 Discussion: Relationship to Reimer’s butterfly lemma

The antipodal routing lemma does not require x 7→ z(x) to be a permutation of A, but our proof
produces one. We do not need this property, but we also do not know of a simpler proof that does not
give a permutation. With the permutation requirement included, condition (a) alone is equivalent
to Reimer’s butterfly lemma [Rei00] (see also [KSS11]).6 The name is explained by Figure 3: the
point x⊕T is the body of a butterfly, and the subcubes cube(x, x⊕T ) and cube(x⊕T , y), which meet
only at the body, are its wings. Our proof of the antipodal routing lemma therefore strengthens the
butterfly lemma by adding the coordinate-wise bound (b).

Reimer used the butterfly lemma to prove a conjecture of van den Berg and Kesten [vdBK85].
They had shown that two monotone events occur disjointly with probability at most the product
of their probabilities (the BK inequality), and conjectured that this holds for all events. Reimer’s
theorem is now known as the van den Berg–Kesten–Reimer (BKR) inequality. The dual BKR
inequality of Kahn, Saks, and Smyth [KSS11], discussed in Section 2.3.1, is also proved using the
butterfly lemma.

Reimer’s proof is also linear-algebraic, but entirely different from ours. Each point x is assigned
a vector in F2n

2 that is a tensor product over the coordinates, the factor at coordinate i depending
on xi and on whether i ∈ T . The lemma follows from the linear independence of these vectors.
See [BCR99] for details.

Table 1 summarizes how the antipodal routing lemma relates to versions where either (a) or (b)
is dropped.

Conditions Statement Proof

(a) + (b) Antipodal routing lemma determinants over Z[ζ]; gives a permutation

(a) Trivial z(x) = x⊕T

(a) + permutation Reimer’s butterfly lemma linear algebra over F2

(b) Faceless version (Proposition 2.12) elementary; gives a permutation

Table 1: The antipodal routing lemma and related statements.

3 Proof of the antipodal routing lemma

In this section, we prove the antipodal routing lemma (Lemma 2.11), restated here in an equivalent
but more convenient form:

6Without the permutation requirement, condition (a) alone is easily achieved via the map x 7→ x⊕T .
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Lemma 3.1 (Antipodal routing lemma). Let A ⊆ {0, 1}n and for every x ∈ A, let T (x) ⊆ [n] be a
monochromatic face of x. Write T := (T (x))x∈A. Then there is π = πT : A → A satisfying

(a) π(x)i ̸= xi for every x ∈ A and i ∈ T (x).

(b) For every i ∈ [n],
errorsi(π) ≤ Ei

where errorsi(π) :=
∑
x∈A

1[π(x)i = xi] and Ei :=
∑
x∈A

1[x⊕i /∈ A].

We recall the definitions of the two matrices M and MT from the technical overview (Sec-
tion 2.5.2):

M [x, z] :=
∏
i∈[n]

ζ
1[xi=zi]
i and MT [x, z] :=

∏
i∈[n]

ζ
1[xi=zi]
i ·

∏
i∈T (x)

1[xi ̸= zi].

These satisfy

detM =
∑

permutations π of A

sign(π)
∏
i∈[n]

ζ
errorsi(π)
i

detMT =
∑

permutations π satisfying (a)

sign(π)
∏
i∈[n]

ζ
errorsi(π)
i .

The key lemma is the following, restated for convenience.

Lemma 2.16 (Determinant equivalence lemma). Let T = (T (x))x∈A specify monochromatic faces
for each x ∈ A. Then

minimal(detM) = minimal(detMT ).

3.1 Proof of Lemma 3.1 using Lemma 2.16

The first step is the following.

Proposition 3.2. Every monomial in minimal(detM) has ζi-degree at most Ei for all i ∈ [n].

Proof. We will show this separately for each i ∈ [n]. Fixing any such i, we define the monochromatic
faces T (i) = (T (i)(x))x∈A by

T (i)(x) =

{
{i} if x⊕i ∈ A

∅ otherwise.

Then detMT (i) only sums over permutations where π(x)i ̸= xi for every x where x⊕i ∈ A. For such
permutations

errorsi(π) =
∑
x∈A

1[π(x)i = xi] ≤
∑
x∈A

1[x⊕i /∈ A] = Ei.

Therefore, every monomial in detMT (i) , and hence every monomial in minimal(detMT (i)), has
ζi-degree at most Ei. By Lemma 2.16, this is also true of minimal(detM).

We next observe that:
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Proposition 3.3. The polynomial minimal(detM) is nonzero.

Proof. This is equivalent to showing that detM is nonzero. For this, observe that the identity
permutation I(x) = x is the only permutation where errorsi(I) = |A| for all i ∈ [n]. It therefore
cannot cancel with any other permutation in the determinant of M .

The antipodal routing lemma, Lemma 3.1, follows easily from these ingredients. Combining
Propositions 3.2 and 3.3, we have that minimal(detM) must have a nonzero monomial with ζi-degree
at most Ei for all i ∈ [n]. By Lemma 2.16, this is also true of minimal(detMT ), which can only
occur if there is a permutation satisfying all the constraints.

3.2 Proof of Lemma 2.16

We first show the following:

Proposition 2.17. For any polynomials p, q, if p(0, . . . , 0) = 1 then minimal(pq) = minimal(q).

Proof. Since p(0) = 1, it can be written as 1 + p′ where every monomial of p′ has degree at least 1.
The Pareto-minimal monomials of pq = q + p′q are exactly those of q.

The next step is the following expression linking M and MT .

Claim 3.4. For any monochromatic faces T (x) for every x ∈ A, let D be the A×A diagonal matrix
with D[x, x] =

∏
i∈T (x)(1 − ζ2i ) and F be the A×A matrix with

F [x, x⊕S ] =

{∏
i∈S(−ζi) if S ⊆ T (x),

0 otherwise.

Then
DMT = FM.

Proof. We wish to show that, for any x, z ∈ A,

(DMT )[x, z] = (FM)[x, z].

Expanding matrix multiplication, this is equivalent to showing that∏
i∈T (x)

(1 − ζ2i )MT [x, z] =
∑

S⊆T (x)

1[x⊕S ∈ A] ·
(∏

i∈S
(−ζi)

)
M [x⊕S , z],

where the indicator 1[x⊕S ∈ A] appears because M only has rows corresponding to elements of A.
Here, we use the assumption that T (x) is a monochromatic face of x, meaning this condition is
always satisfied. The goal is therefore to show∏

i∈T (x)

(1 − ζ2i )MT [x, z] =
∑

S⊆T (x)

(∏
i∈S

(−ζi)

)
M [x⊕S , z]. (5)

Warm-up: single index. First, consider the case where T (x) = {i}. Then our desired equation is
equivalent to

(1 − ζ2i )MT [x, z] = M [x, z] − ζiM [x⊕i, z].
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For notational convenience, we define

M−i[x, z] :=
∏
j ̸=i

ζ
1[xj=zj ]
j

to contain the part of M [x, z] that does not depend on the i-th index. Then,

M [x, z] − ζi ·M [x⊕i, z]

= ζ
1[xi=zi]
i ·M−i[x, z] − ζi · ζ1[xi ̸=zi]

i ·M−i[x⊕i, z] (Definitions of M , M−i, and x⊕i)

= M−i[x, z] ·
(
ζ
1[xi=zi]
i − ζi · ζ1[xi ̸=zi]

i

)
(M−i[x, ·] = M−i[x⊕i, ·])

= M−i[x, z] · 1[xi ̸= zi] · (1 − ζ2i ) (Casework on xi = zi or xi ̸= zi)

= (1 − ζ2i )MT [x, z].

This verifies Equation (5) in this simple case. Underlying the above derivation is the equality

ζ
1[xi=zi]
i − ζi · ζ1[xi ̸=zi]

i = 1[xi ̸= zi] · (1 − ζ2i ), (6)

which we will reuse shortly.

Full case. For arbitrary T = T (x), we will similarly define

M−T [x, z] :=
∏
i/∈T

ζ
1[xi=zi]
i .

With this notation, Equation (5) can be rewritten as

M−T [x, z]
∏

i∈T (x)

1[xi ̸= zi](1 − ζ2i ) = M−T [x, z]
∑

S⊆T (x)

(∏
j∈S

(−ζj)

) ∏
i∈T (x)

ζ
1[(x⊕S)i=zi]
i .

It suffices to show this holds after dropping M−T [x, z] from both sides:∏
i∈T (x)

1[xi ̸= zi](1 − ζ2i )

=
∏

i∈T (x)

(
ζ
1[xi=zi]
i − ζi · ζ1[xi ̸=zi]

i

)
(Equation (6))

=
∑

S⊆T (x)

∏
i∈S

(
−ζi · ζ1[xi ̸=zi]

i

)
·
∏

i∈T (x)\S

(
ζ
1[xi=zi]
i

)
(Distributive law)

=
∑

S⊆T (x)

(∏
i∈S

(−ζi)

)
·
( ∏

i∈T (x)

ζ
1[(x⊕S)i=zi]
i

)
. (Collect terms by index)

This is the equality we wished to show.

We now prove the determinant equivalence lemma. We will use just two facts about the
determinant:
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1. For any square matrices X and Y , detXY = detX detY .

2. The determinant of the identity matrix is 1.

Proof of Lemma 2.16. By Claim 3.4,

detD detMT = detF detM.

At ζ1 = · · · = ζn = 0, we have that both D and F become the identity matrix, which has
determinant 1. Applying Proposition 2.17 gives that

minimal(detMT ) = minimal(detD detMT ) = minimal(detF detM) = minimal(detM).

4 Proof of the routing lemma

In this section we prove the routing lemma (Lemma 2.10) using the antipodal routing lemma
(Lemma 2.11).

For S ⊆ [n], we say that a set Q ⊆ {0, 1}n is an S-subcube if Q = cube(u, u⊕S) for some
u ∈ {0, 1}n. Each subset S gives rise to 2n−|S| different subcubes, each of which is isomorphic to
{0, 1}S and which together partition {0, 1}n. For every S and every S-subcube Q, we are going to
apply the antipodal routing lemma within that subcube.

Applying the antipodal routing lemma within Q. Fix an S-subcube Q. The assumption
of the routing lemma gives us, for every bichromatic pair (x, y) ∈ A × Ā, a monochromatic face
T (x, y) ⊆ ∆(x, y) of x that is contained in A. We use these to define, for each x ∈ Q ∩ A, a
monochromatic face of x that is contained in Q ∩A:

TQ(x) :=

{
T (x, x⊕S) if x⊕S /∈ A,

∅ otherwise.

Since T (x, x⊕S) ⊆ ∆(x, x⊕S) = S, this monochromatic face of x is indeed contained in Q ∩A. In
the second case, the empty face is trivially monochromatic.

We can therefore apply the antipodal routing lemma to the set A∩Q in Q ∼= {0, 1}S , with faces
TQ(x). In Q, the antipode of x is x⊕S . Thus, for all x ∈ Q∩A the antipodal routing lemma gives a
point zQ(x) ∈ Q ∩A such that

(aQ) zQ(x) ∈ cube
(
x⊕TQ(x), x⊕S

)
, and

(bQ) for every i ∈ S, Prx∼Q

[
x ∈ A, zQ(x)i ̸= (x⊕S)i

]
≤ 1

2 · InfQi (A)

where InfQi (A) := Prx∼Q[1[x ∈ A] ̸= 1[x⊕i ∈ A]] is the influence of the i-th variable within the
subcube Q.

Finally, we are ready to define z(x, y, T ) as required by the routing lemma. We associate each
bichromatic pair (x, y) with the subcube in which they are antipodal. This corresponds exactly to
the ∆(x, y)-subcube Q = cube(x, y). We let

z(x, y, T ) := zQ(x) for Q = cube(x, y).

Note that z(x, y, T ) ∈ A as required. The remainder of the proof will show that with this choice
of z, items (a) and (b) of the routing lemma hold.
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Item (a) holds. Since (x, y) ∈ A× Ā is a bichromatic pair, the first case in the definition of TQ

applies, and so TQ(x) = T (x, y). Then, with our choice of z(x, y, T ), (aQ) becomes z(x, y, T ) ∈
cube

(
x⊕T (x,y), y

)
as desired. This comes simply from plugging in S = ∆(x, y) and noting that

x⊕∆(x,y) = y.

Item (b) holds. A uniform random pair (x,y) can be sampled as follows: draw x ∼ {0, 1}n and
S ⊆ [n] uniformly and independently, and set y := x⊕S . Then S = ∆(x,y), and y is the antipode
of x in the S-subcube containing x. Each coordinate lies in S with probability 1

2 . We can therefore
rewrite the inequality we wish to prove as:

Pr
x,S

[
x ∈ A, x⊕S /∈ A, zi ̸= (x⊕S)i

]
≤ 1

4 · Infi(A).

Let E be the event {x ∈ A, x⊕S /∈ A, zi ̸= (x⊕S)i} whose probability we wish to bound. By the
law of total probability,

Pr[E] = Pr[i ∈ S] · Pr
[
E
∣∣ i ∈ S

]
+ Pr[i /∈ S] · Pr

[
E
∣∣ i /∈ S

]
= 1

2 · Pr
[
E
∣∣ i ∈ S

]
. (7)

The second equality follows from the fact that if i /∈ S, then z and y = x⊕S both lie in the
S-subcube containing x, whose points all agree outside S. Hence zi = yi, and so Pr[E | i /∈ S] = 0.

It remains to show that Pr[E | i ∈ S] ≤ 1
2 Infi(A). Fix any S ∋ i. Given S = S, the point x

is uniform on {0, 1}n, which is the same as drawing a uniform S-subcube Q and then a uniform
x ∼ Q. Conditioned on Q = Q, we have z = zQ(x) and y = x⊕S , so dropping the condition y /∈ A
and applying (bQ),

Pr
[
E
∣∣S = S, Q = Q

]
≤ Pr

x∼Q

[
x ∈ A, zQ(x)i ̸= (x⊕S)i

]
≤ 1

2 · InfQi (A).

Since i ∈ S, every edge {x, x⊕i} lies inside a single S-subcube, and so averaging over Q gives
EQ

[
InfQi (A)

]
= Infi(A). Hence Pr[E | S = S] ≤ 1

2 · Infi(A) for every S ∋ i, and therefore
Pr[E | i ∈ S] ≤ 1

2 · Infi(A). Combining this with Equation (7) completes the proof.

5 Proof of the weighted all-pairs inequality

We prove the weighted all-pairs inequality (Lemma 2.8) assuming the routing lemma (Lemma 2.10).
The argument is identical to the unweighted case sketched in the technical overview (Section 2.4.2),
suitably modified to take the weights into account.

Let A := f−1(1). For any pair x ∈ A and y /∈ A, let τ = overlapw,Λ(x, y) and T = {i ∈
∆(x, y) : wiλy(i) > τ} be the heavy coordinates of λy weighted according to w. By the same Markov
argument as given in the technical overview, our choice of τ ensures λx(T ) < 1, which in turn
ensures that T is a monochromatic face of x.

Applying the routing lemma with this choice of monochromatic faces and taking a w-weighted
sum over i ∈ [n] in condition (b), we get

E
x,y

[
1[x ∈ A,y /∈ A] · distw(z,y)

]
≤ 1

4

n∑
i=1

Infi(A)

wi
, (8)
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where distw(z, y) :=
∑

i∈∆(z,y)
1
wi

is the w-weighted Hamming distance between z and y.

We lower bound the LHS of Equation (8) for each (x, y) pair. By condition (a) of the routing
lemma, the point z satisfies ∆(z, y) ⊆ ∆(x, y) \ T , and so

λy(i) ≤ τ

wi
for all i ∈ ∆(z, y).

And yet z ∈ A, so these coordinates must furthermore satisfy
∑

i∈∆(z,y) λy(i) ≥ 1. Putting these
two observations together,

1 ≤
∑

i∈∆(z,y)

λy(i) ≤
∑

i∈∆(z,y)

τ

wi
= τ · distw(z, y).

By our choice of τ , we have shown that

distw(z, y) ≥ 1

overlapw,Λ(x, y)
.

Averaging this inequality over x,y and combining it with Equation (8) yields the weighted all-pairs
inequality.

6 Proof of the certificate-influence inequality

We prove the certificate-influence inequality (Lemma 2.5) using the weighted all-pairs inequality
(Lemma 2.8). Throughout this proof, let x be uniform on f−1(1) and y independently uniform on
f−1(0). The certificate-influence inequality can be written as:

4 Pr[f = 1] Pr[f = 0]︸ ︷︷ ︸
=Var(f)

·E
x

[
1

∥λx∥1

]
· E
y

[
1

∥λy∥1

]
≤ max

i∈[n]
Infi(f) =: M. (9)

In this notation, the weighted all-pairs inequality is

4 Var(f) · E
x,y

[
1

overlapw,Λ(x,y)

]
≤
∑
i∈[n]

Infi(f)

wi
≤
∑
i∈[n]

1

wi
·M. (10)

We will use Cauchy–Schwarz to upper bound the left side of our goal with two terms, one of which
we can bound using Lemma 2.8.(

E
x

[
1

∥λx∥1

]
· E
y

[
1

∥λy∥1

])2

= E
x,y

[
1

∥λx∥1·∥λy∥1

]2
(Independence)

= E
x,y

[(√
overlapw,Λ(x,y)

∥λx∥1·∥λy∥1

)
·
(

1√
overlapw,Λ(x,y)

)]2
≤ E

x,y

[(√
overlapw,Λ(x,y)

∥λx∥1·∥λy∥1

)2
]
· E
x,y

[(
1√

overlapw,Λ(x,y)

)2
]

(Cauchy–Schwarz)

≤ E
x,y

[(√
overlapw,Λ(x,y)

∥λx∥1·∥λy∥1

)2
]
·
∑
i∈[n]

1

wi
· M

4 Var(f)
. (Equation (10))
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We now upper bound the first term in the above expression:

E
x,y

[(√
overlapw,Λ(x,y)

∥λx∥1·∥λy∥1

)2
]

= E
x,y

[∑
i∈∆(x,y)wiλx(i)λy(i)

∥λx∥21 · ∥λy∥21

]
(Definition of overlap)

≤ E
x,y

[∑
i∈[n]wiλx(i)λy(i)

∥λx∥21 · ∥λy∥21

]
(Sum over all indices)

=
∑
i∈[n]

wi · E
x,y

[
λx(i)λy(i)

∥λx∥21 · ∥λy∥21

]
(Linearity of expectation)

=
∑
i∈[n]

wi · E
x

[
λx(i)

∥λx∥21

]
· E
y

[
λy(i)

∥λy∥21

]
. (Independence of x and y)

We will choose wi =
(
Ex

[
λx(i)
∥λx∥21

])−1
to cancel the first term.7 Combining these expressions, we

then have that(
E
x

[
1

∥λx∥1

]
· E
y

[
1

∥λy∥1

])2

≤ E
x,y

[(√
overlapw,Λ(x,y)

∥λx∥1·∥λy∥1

)2
]
·
∑
i∈[n]

1

wi
· M

4 Var(f)

≤
∑
i∈[n]

E
y

[
λy(i)

∥λy∥21

]
·
∑
i∈[n]

E
x

[
λx(i)

∥λx∥21

]
· M

4 Var(f)

= E
y

[
∥λy∥1
∥λy∥21

]
· E
x

[
∥λx∥1
∥λx∥21

]
· M

4 Var(f)
(Linearity of expectation)

= E
y

[
1

∥λy∥1

]
· E
x

[
1

∥λx∥1

]
· M

4 Var(f)
.

Rearranging gives Equation (9), which is what we wanted to show.

7 Proof of the AA conjecture

We now prove the AA conjecture (Theorem 1) using the certificate-influence inequality (Lemma 2.5).
We in fact prove a more general statement that gives a lower bound on the maximum influence
of an arbitrary function p : {0, 1}n → R in terms of its fractional certificate complexity, with no
assumptions on degree or boundedness:

Theorem 2 (AA-like statement for arbitrary functions). Let p : {0, 1}n → R be nonconstant,
µ := E[p(x)], and σ := E[|p(x) − µ|]. Then

max
i∈[n]

Infi(p) ≥ Ω

(
σ8

FC(p)6

)
.

Proof of Theorem 1 (the AA conjecture) assuming Theorem 2. Let p : {0, 1}n → [0, 1] be a bounded
degree-d polynomial. By Fact 2.4, FC(p) = O(d2) (this uses both assumptions of low degree and
boundedness). Since p takes values in [0, 1], we have that |p− µ| ≤ 1, hence |p− µ| ≥ (p− µ)2, and
so σ ≥ Var(p) (this uses only boundedness). Theorem 1 now follows from Theorem 2.

7To avoid dividing by 0, we formally set wi =
(
ε+Ex

[
λx(i)

∥λx∥21

])−1

and take the limit as ε → 0. The resulting proof

is identical up to bookkeeping.
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7.1 Proof of Theorem 2

Fix a fractional certificate family Λ = (λx)x∈{0,1}n for p of cost FC(p). For a threshold t ∈ R, let
pt(x) := 1[p(x) > t].

We first claim that for each x ∈ {0, 1}n, the scaled vector

λx

|p(x) − t|

is a fractional certificate for pt at x.8 Indeed, if pt(x) ̸= pt(y), then p(x) and p(y) lie on opposite
sides of t, and so

λx(∆(x, y)) ≥ |p(x) − p(y)| ≥ |p(x) − t|.

Hence, whenever pt is nonconstant, we can apply the certificate-influence inequality to get

max
i∈[n]

Infi(pt) ≥ 4 ·
E
[
(p(x) − t)+

]
E
[
(t− p(y))+

]
FC(p)2

. (11)

Since E[(p(x) − µ)+] = E[(µ − p(x))+] and they sum to σ, each equals σ/2. The maps t 7→
E[(p(x) − t)+] and t 7→ E[(t − p(x))+] are 1-Lipschitz, so for t ∈ [µ − σ

4 , µ + σ
4 ] both are at least

σ/4. In particular, for any such t we have that pt is nonconstant and the numerator on the RHS
of Equation (11) is Ω(σ2).

Next, we relate Infi(pt) and Infi(p). We first write:

Infi(pt) = 2 Pr
[
p(x⊕i) ≤ t < p(x)

]
.

Fix θ > 0. If p(x⊕i) ≤ t < p(x), then either p(x) lies in the window (t, t + θ ], or the jump
p(x) − p(x⊕i) exceeds θ. The probability of the latter is at most

Pr
[
p(x) − p(x⊕i) > θ

]
= 1

2 Pr
[
|p(x) − p(x⊕i)| > θ

]
≤ Infi(p)

2θ2
.

The equality is by symmetry and the inequality is Markov’s inequality applied to the quantity
(p(x) − p(x⊕i))2. Therefore,

Infi(pt) ≤ 2 Pr
[
t < p(x) ≤ t + θ

]
+

Infi(p)

θ2
.

Combining Equation (11) with this window-jump argument, we have shown that for every
t ∈ [µ− σ

4 , µ + σ
4 ] and θ > 0,

M

θ2
+ 2 Pr

[
t < p(x) ≤ t + θ

]
≥ max

i∈[n]
Infi(pt) ≥ Ω

(
σ2

FC(p)2

)
, (12)

where M := maxi∈[n] Infi(p). Now let t be uniform on [µ− σ
4 , µ + σ

4 ], an interval of length σ/2, and
note that

E
t

[
Pr
x

[
t < p(x) ≤ t + θ

]]
= E

x

[
Pr
t

[
p(x) − θ ≤ t < p(x)

]]
≤ θ

σ/2
=

2θ

σ
.

8Strictly speaking, these certificates are undefined when p(x) = t. However, since there are only finitely many x’s
and we will be choosing t uniformly from an interval, this bad event happens with probability 0.
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Averaging Equation (12) over t therefore gives, for every θ > 0,

M

θ2
+

4θ

σ
≥ Ω

(
σ2

FC(p)2

)
.

Finally, choosing θ = (σM)1/3 and rearranging, we get:

max
i∈[n]

Infi(p) ≥ Ω

(
σ8

FC(p)6

)
.
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[ABP19] Srinivasan Arunachalam, Jop Briët, and Carlos Palazuelos. Quantum query algorithms
are completely bounded. SIAM Journal on Computing, 48(3):903–925, 2019. Preliminary
version in ITCS 2018. 1.2

[BBBV97] Charles Bennett, Ethan Bernstein, Gilles Brassard, and Umesh Vazirani. Strengths
and weaknesses of quantum computing. SIAM Journal on Computing, 26(5):1510–1523,
1997. 1

[BBC+01] Robert Beals, Harry Buhrman, Richard Cleve, Michele Mosca, and Ronald de Wolf.
Quantum lower bounds by polynomials. Journal of the ACM, 48(4):778–797, 2001.
Preliminary version in FOCS 1998. 1, 2.2.2

[BCR99] Christian Borgs, Jennifer Chayes, and Dana Randall. The van den Berg–Kesten–Reimer
inequality: A review. In Perplexing Problems in Probability: Festschrift in Honor of
Harry Kesten, volume 44 of Progress in Probability, pages 159–173. Birkhäuser, 1999.
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